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Hydrogen liquid-liquid transition from first principles and machine learning
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The molecular-to-atomic liquid-liquid transition (LLT) in high-pressure hydrogen is a fundamental topic
touching domains from planetary science to materials modeling. Yet, the nature of the LLT is still under debate.
To resolve it, numerical simulations must cover length and time scales spanning several orders of magnitude. We
overcome these size and time limitations by constructing a fast and accurate machine-learning interatomic poten-
tial (MLIP) built on the MACE neural network architecture. The MLIP is trained on Perdew-Burke-Ernzerhof
(PBE) density functional calculations and uses a modified loss function correcting for an energy bias in the
molecular phase. Classical and path-integral molecular dynamics driven by this MLIP show that the LLT is
always supercritical above the melting temperature. The position of the corresponding Widom line agrees with
previous ab initio PBE calculations, which in contrast predicted a first-order LLT. According to our calculations,
the crossover line becomes a first-order transition only inside the molecular crystal region. These results call for
a reconsideration of the LLT picture previously drawn.
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I. INTRODUCTION

Pristine hydrogen is one of the most widely studied materi-
als, both theoretically and experimentally [1]. Indeed, despite
being made of the simplest atomic constituent, it exhibits
a surprisingly rich phase diagram. The molecular-to-atomic
transition happening upon liquid hydrogen compression is
crucial for planetary science, in particular for understanding
the interior of giant gas planets [2] and their magnetic fields
[3]. This liquid-liquid transition (LLT) has been extensively
investigated both experimentally [4–14] and via numerical
simulations [15–37].

As is often the case for high-pressure hydrogen, experi-
ments based on static [38,39] and dynamic [40] compression
give contrasting results, the dynamic experiments predicting
a larger transition pressure. Uncertainty is also present in
the numerical simulations. Results obtained with ab initio
molecular dynamics (AIMD) using density functional theory
(DFT) show large variability with respect to the choice of the
exchange-correlation functional. For instance, the transition
pressure can vary by 200 GPa when including long-range van
der Waals corrections [41].

The nature of the LLT has been debated, with many first-
principles simulations [15,21,22,26,27,30,35] suggesting a
first-order LLT below a critical temperature Tc and pressure
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pc, based on the observation of kinks in the equation of state
(EOS). Given the long correlations in both time and space
expected near the transition, the outcome of first-principles
molecular dynamics (MD) simulations using DFT or quantum
Monte Carlo (QMC) methods has been questioned because of
the short time scales and/or the small system sizes considered.
This could be reflected in the large variability of the predicted
Tc and pc, which range from Tc ∼ 4000 K and pc ∼ 30 GPa
[27,29], to Tc ∼ 1250 K and pc ∼ 150 GPa for the most recent
simulations [30].

In the past two decades, large-scale simulations have been
made possible by the introduction of machine learning inter-
atomic potentials [42] (MLIPs). These provide results at much
lower computational cost, once trained on datasets generated
with ab initio methods. However, the derivation of an MLIP is
a delicate step per se, possibly introducing a residual bias. A
recent MLIP model, based on the NequIP [43] neural network
(NN) and trained on DFT data, gave a Tc value smaller than
previous estimates [44]. This model has a pressure bias of
about 5 GPa in the EOS, once compared with the correspond-
ing ab initio predictions. Recent simulations based on another
MLIP trained on the same DFT functional [34] suggested
that the LLT is instead a smooth crossover, even though the
accuracy of the model has been criticized [35,45].

In this work, we present results for the LLT obtained
with MACE [46], a framework combining an equivariant
message-passing NN with high-body-order messages, which
shows remarkable accuracy compared to other types of
MLIPs [47]. In particular, we trained a MACE MLIP on the
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Perdew-Burke-Ernzerhof (PBE) functional and used it to
study the nature of the LLT as a function of both sys-
tem size and simulation length. This also allows us to
directly compare our results with the large body of literature
that used the same functional [1,18,19,21–23,25,27,29,30,33–
35,37,44,45,47]. Our results reveal a first-order transition
between an atomic liquid and a molecular solid at low tem-
peratures (T < 950 K), due to the melting line proximity.
At higher temperatures, our simulations indicate a crossover
between molecular and atomic liquids in the thermodynamic
limit.

II. MACE MODEL FROM FIRST PRINCIPLES

To overcome the time and size limitations of ab initio sim-
ulations, while also retaining a high accuracy across the LLT,
we constructed a MACE MLIP by applying a correction to the
loss function usually minimized to find optimal parameters of
the model. During the optimization, the loss and its gradients
are evaluated on a subset of training configurations (“batch”)
of dimension Nb. For the μ-th configuration in the batch,
having Nμ atoms, Epred

μ , Fpred
μ, j , and σ

pred
μ are the total energy,

the force acting on the j-th atom and the virial stress tensor,
respectively, as predicted by the MLIP while E ref

μ , Fref
μ, j , and

σref
μ are the same quantities as calculated with DFT. A standard

loss function L is the weighted sum of the mean squared errors
(MSEs) of the different observables:

L = wE
1

Nb

Nb∑
μ=1

[
1

Nμ

(
Epred

μ − E ref
μ

)]2

+ wF
1

Nb

Nb∑
μ=1

1

3Nμ

Nμ∑
j=1

∑
α=x,y,z

[
F pred

μ, j,α − F ref
μ, j,α

]2

+ wσ

1

Nb

Nb∑
μ=1

1

9

∑
α=x,y,z

∑
β=x,y,z

[
σ

pred
μ,α,β − σ ref

μ,α,β

]2
, (1)

where wE , wF , and wσ are tunable weights. However, when
employing the loss in Eq. (1) to train the model [48], we
noticed the appearance of molecular solid-like structures at
high temperatures (T ∼ 1200 K) during the dynamics. AIMD
simulations at the same conditions and system sizes show how
these configurations are not dynamically stable, and, there-
fore, are an artifact of the model. Even after the inclusion of
these structures in the training set, the standard loss function
still energetically favored these configurations (see Ref. [49]
for details). The atomic phase, on the other hand, seemed to
be described correctly.

An analysis of the partial energy error distributions for this
model, computed on subsets of the training set describing the
selected phases, reveals how the loss function L produces a
bias, i.e., a nonzero mean of Epred

μ − E ref
μ . Indeed, being a

function of the MSEs, L only guarantees that the total error
distribution is centered around zero.

With this in mind, we modified the loss function by in-
cluding a term that penalizes a global energy bias in the
prediction error on the subset of molecular configurations,
thus improving the description of this phase. Specifically, we

TABLE I. Root mean squared errors of the final MACE MLIP
for the energy per atom (RMSEE ) and the forces (RMSEF ) on the
training, validation, and test sets.

RMSEE (meV/atom) RMSEF (meV/Å)

Training 2.2 116
Validation 2.1 118
Test 2.0 116

used the modified loss L′ = L + �L with

�L = wEλ
1

Nb

∣∣∣∣∣∣
∑

μ∈mol

1

Nμ

(
Epred

μ − E ref
μ

)∣∣∣∣∣∣, (2)

where λ is a parameter controlling the relative weight of the
penalty with respect to the energy term of the standard loss
function, wE is the same hyperparameter as in Eq. (1), and
the sum only considers molecular configurations in a given
training batch. To classify configurations as either atomic or
molecular, we used a static criterion that solely depends on
atomic positions: A configuration is classified as molecular if
the first peak of its radial distribution function g(r) [estimated
by fitting the g(r) with a Gaussian function for r ∈ [0, 1.3] Å]
is larger than a threshold, here set to 1.8.

We observed that the models trained using L′ have a much
smaller energy error for the molecular solid-like structures,
which do not appear anymore during the dynamics at high
temperatures. As a consequence of the modified loss, the
energy error distribution on the training set is slightly altered,
with relative energies between different types of structures
in much better agreement with respect to the ab initio PBE
reference values, as discussed in Ref. [49].

To train the final MLIP, we compiled a dataset of 21 812
configurations. We extracted ∼17 000 configurations of 128
hydrogen atoms each from the MD simulations of Refs. [50]
and [51] (see Ref. [49] for the density-temperature distribution
of this set). An additional set of 3000 128-atoms configura-
tions was selected from a series of AIMD simulations at lower
temperatures (800 and 900 K). We also added 500 snapshots
with 256 and 512 atoms extracted from MD runs with early
iterations of the MACE model. Finally, we included solid
structures (see Ref. [52]) and ∼100 low-temperature 96-atom
configurations from Ref. [53]. To ensure consistency across
the dataset, we recomputed energies, forces, and pressures
at the PBE level, using the QUANTUM ESPRESSO package
[54–56]. A projector augmented-wave (PAW) pseudopotential
[57] together with a 60 Ry plane-waves cutoff was used.
A sufficiently dense k-point grid for each system size was
employed to cure finite-size effects. For instance, we used a
4×4×4 grid for the configurations with 128 atoms.

From this dataset, we randomly extracted 280 configu-
rations for testing. From the remaining configurations, 95%
were used for training, and 5% for validation. This last group
of configurations is used during the training to assess the
performance of the model. At the end of the optimization, the
best model is selected as the one minimizing the loss on the
validation set.
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FIG. 1. Results for MD simulations obtained with the MACE model for different temperatures: (a) T = 900, (b) 950, (c) 1000, and
(d) 1100 K. For each temperature, the left panel reports the EOS close to the LLT for the different system sizes. For T = 900 K the red shaded
area highlights the rs range for which hysteresis is observed at all values of N . The right panels show the average maxk S(k)/N along the
trajectory (top right) and the average molecular fraction m (bottom right) as a function of the system size N for two different values of the
Wigner-Seitz radius rs.

Table I reports the accuracy of this MACE model, mea-
sured by the root mean squared error (RMSE) on the energy
per atom and the forces on the training, validation, and test
sets. The test-set RMSE for the virial pressure is ∼1 GPa.
Compared to the MLIP proposed in Ref. [34], our model has
an error on energy 6–7 times smaller and is twice as accurate
on forces. The recent NequIP model of Ref. [44] shows a
very similar RMSE on energy, but has a 40% larger RMSE
on forces.

III. LLT SIMULATIONS: FINITE-SIZE SCALING

The computational efficiency of the MACE model enabled
us to study the behavior of the LLT as a function of both tem-
perature and system size. We ran MD simulations in the NVT
ensemble using the LAMMPS code [58] interfaced with MACE.
We considered systems with N = 128, 256, 512, and 2048
hydrogen atoms treated as classical nuclei, and cubic super-
cells. We performed simulations as long as 0.6 ns, about two
orders of magnitude longer than what is usually achieved with
AIMD. For the dynamics, we used a time step of 0.2 fs and
controlled the temperature via the stochastic velocity rescaling
scheme [59], with a characteristic time of τ = 0.1 ps.

To accurately study the nature of the transition, we calcu-
lated the EOS of the system in the vicinity of the LLT, using a
dense grid of Wigner-Seitz radii rs, where 4π

3 (rsa0)3 = V
N with

V and a0 being the system volume and the Bohr radius, re-
spectively. The results are presented in Fig. 1 for four different
temperatures in the [900–1100] K range. From the EOS, we
can identify three distinct regimes for the LLT. At the lowest
temperature computed here, i.e., T = 900 K [Fig. 1(a)], the
model clearly predicts a first-order transition, signaled by the

hysteresis present in the EOS for all system sizes. At T = 950
and 1000 K [Figs. 1(b) and 1(c), respectively], the EOS has a
strong dependence on the system size in the transition region:
the smaller systems (i.e., N = 128 and 256) suggest again a
first-order transition, while for larger N the pressure plateau
and hysteresis are missing. Finally, at T � 1100 K [Fig. 1(d)]
the results indicate a smooth crossover, with a relatively small
size dependence.

To characterize the LLT, the sole observation of the EOS is
not sufficient, since it is known that for these transitions the
density is not the primary order parameter [60]. In particular,
we computed the stable molecular fraction [23,30,47] of the
system, defined in this case as the average number of hydro-
gen pairs whose constituent atoms stay within a distance of
1.05 Å for at least a time τ ∼ 80 fs.

The results corresponding to rs values slightly before/after
the transition are also shown in Fig. 1. In all cases, the molecu-
lar fraction rapidly increases from values around 0.5 to values
close to 1, signaling an atomic-to-molecular transition as rs

increases.
Besides the stable molecular fraction, we also computed

the structure factor to detect long-range spatial correlations,
i.e.,

S(k) =
〈

1

N

∑
i, j

exp(ik · (Ri − R j ))

〉
,

where 〈· · · 〉 indicates the average over the trajectory,
R1, . . . , RN are atom positions, and k = 2π

L (n1, n2, n3), with
L being the side of the cubic simulation box and n1, n2, n3

integer numbers. In particular, the maximum value of S(k) can
be used as a proxy for the formation of crystalline structures,
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with maxk S(k) ∝ N in a solid system in the thermodynamic
limit. On the contrary, in a liquid, the rotational invariance
implies that the contribution of each k to the S(k) will stay
constant for N → ∞. The value of the average maxk S(k)/N
as a function of the number of particles is reported in the top
right panels of Fig. 1. In the atomic phase, our simulations
show that the system is a liquid at all temperatures. In the
molecular region, the behavior of maxk S(k)/N is instead
strongly temperature dependent. Interestingly, the first-order
transition observed in the EOS at T = 900 K is accompanied
by a nonvanishing value of maxk S(k)/N in the thermo-
dynamic limit, revealing a long-range spatial order of the
molecular phase at this temperature [Fig. 1(a)]. Moreover, at
T = 950 and 1000 K, a large value of maxk S(k)/N is present
for N = 128 and 256 on the molecular side, then vanishing at
larger N [Figs. 1(b) and 1(c)]. This suggests that the first-order
transition seen in smaller systems is due to finite-size effects
and it is between a molecular crystal and an atomic liquid.
A genuine molecular liquid is instead observed for all system
sizes at temperature T � 1100 K [Fig. 1(d)].

IV. LLT SIMULATIONS: FINITE-TIME EFFECTS

Our finite-size scaling analysis highlights the importance
of considering sufficiently large systems to obtain converged
results for the LLT. This is further demonstrated in Fig. 2(a),
where the behavior of maxk S(k)/N is plotted as a function
of the simulation time for two sizes, namely N = 256 and
512, at T = 950 K and rs = 1.43. While the smaller system
is in a solid-like state for the majority of the time, the system
with N = 512 occasionally crystallizes, as indicated by the
two jumps of maxk S(k)/N at the beginning and the end of
the MD run, but mostly remains liquid. This behavior not only
confirms the size dependence already seen, but also shows that
at least 10 ps are necessary to melt the crystal for N = 512,
suggesting that ∼100 ps are needed to obtain fully converged
results near the transition.

To analyze the possibility that the kinks identified in the
EOS of previous AIMD results originate from the short length
of these simulations, we analyzed 0.2 ns long trajectories
obtained with the MACE model for values of rs close to the
transition at different temperatures above our Tc. The results
are shown in Figs. 2(b) and 2(c) for the system of N = 128
at T = 1400 K and the one of N = 512 at T = 1000 K,
respectively. Using long trajectories, we computed the pres-
sure running average using a variable-size time window τrun,
corresponding to simulation times achievable by AIMD, e.g.,
τrun ∼ 10 ps. The variance of the running average gives an
idea of the variability of the estimated equilibrium pressure
when running MD simulations of length equal to τrun. From
Figs. 2(b) and 2(c), the estimated variance grows in the vicin-
ity of the transition, and the presence of a pressure plateau in
the EOS can be understood as an artifact due to the lack of
phase-space sampling.

For the smallest system [N = 128, Fig. 2(b)], we also
compared our results with the PBE AIMD ones reported in
Ref. [50] at T = 1400 K for the same size. The pressure
plateau here is within the 3σ uncertainty region estimated
from a running average of 4 ps, slightly longer than the av-
erage length of the AIMD simulations. The results at lower

FIG. 2. (a) Value of maxk S(k)/N as a function of the simu-
lation time for two systems, with N = 256 and N = 512 atoms,
respectively, at temperature T = 950 K and rs = 1.43. Colored lines
represent running averages over a time window of 8 ps. (b) Results
for 200 ps long simulations, N = 128, T = 1400 K and correspond-
ing confidence intervals, estimated from a running average with
time window τrun = 4 ps. The AIMD result reported in Ref. [50] is
also shown. (c) Same as (b) but with N = 512, T = 1000 K, and
τrun = 10 ps.

temperature T = 1000 K for a larger system of 512 atoms
[Fig. 2(c)] show that even a 10 ps long dynamics can, in
principle, produce artificial kinks of the size reported in the
literature [21,30]. Even though, in principle, this estimation
depends on the algorithmic details, such as the choice of the
thermostat, we do not expect this to change our conclusions.

V. WIDOM LINE

Both the first-order transition and the crossover above the
critical temperature Tc can be further characterized by study-
ing the behavior of the isochoric specific heat (i.e., the heat
capacity per particle), cv = 1

NkBT 2 (〈E2〉 − 〈E〉2), as a function
of temperature, density, and system size. The results for cv

obtained from simulations with N = 2048 hydrogen atoms
at temperatures up to 1800 K are reported in Fig. 3. For
each temperature, we estimated the location and value of the
maximum. For temperatures between 900 K and 1100 K, we
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m
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FIG. 3. Specific heat per particle vs pressure along the isotherms,
for N = 2048 obtained with the MACE model. The shaded areas in-
dicate the uncertainty in the peak position. In the inset, we report the
size scaling of the maximum of cv/kB for four different temperatures
(in a log-log scale). The results confirm a first-order transition for
T = 900 K, where cv scales with a behavior close to linear, and
a smooth crossover for higher temperatures in the thermodynamic
limit.

also studied the size scaling of the cv maximum, as shown
in the inset of Fig. 3. In a first-order transition, the cv peak
presents a divergence scaling like ∼N in the thermodynamic
limit [61]. As shown in the figure, linear scaling is observed
at T = 900 K, while cv tends to a constant for higher tem-
peratures. This is consistent with our EOS results locating the
critical point between T = 900 and 950 K. The position of the
cv maximum at higher temperatures allows one to determine
the Widom line in the supercritical region. The results are re-
ported in Fig. 4. Our Widom line shows remarkable agreement
with previous simulations of the LLT obtained with the PBE
functional. In particular, our results well reproduce the ones
reported in Ref. [21] for temperatures up to 1400 K and those
of Ref. [35] for higher temperatures, even though they do not
agree on the LLT first-order character for T � 900 K.

VI. CONCLUSIONS

Enabled by an accurate and efficient MLIP based on the
MACE architecture, we show that the LLT between molecular
and atomic hydrogen is always supercritical above the melting
temperature. For this, we performed NVT MD simulations in
a temperature range between 900 and 1800 K of systems
with up to 2048 hydrogen atoms and simulation times of up
to 600 ps. We preserved the ab initio PBE quality of the
MACE model across the transition by virtue of a modified
loss function, yielding consistent energy differences between
atomic and molecular configurations.

For temperatures above 900 K, the MACE model predicts
a proper LLT in the thermodynamic limit (N � 512), which
turns out to be a smooth crossover. Up to T = 1000 K, defec-
tive crystal structures are observed for small systems due to
strong finite-size effects, giving rise to a first-order transition
that disappears as N increases.

At the lowest temperature (900 K), the model predicts a
first-order transition in the thermodynamic limit. The struc-
ture factor analysis reveals the presence of long-range spatial

FIG. 4. Classical PBE-LLT location as computed with differ-
ent methods. AIMD results by Ref. [21] (light blue dashed line),
Ref. [22] (green dashed line), and Ref. [35] (blue dashed line). The
results for the molecular-to-atomic crossover obtained with an NN
MLIP by Ref. [34] are reported with orange and violet markers,
corresponding to the maximum of the isobaric specific heat and
density, respectively. The black markers and line indicate the re-
cently proposed PBE melting line by Ref. [53], obtained with an
NN MLIP and the two-phase method. The MACE model results are
indicated with red markers. The filled point at T = 900 K indicates
the first-order character of the transition, while the empty points cor-
respond to the location of the Widom line given by the cv maximum
(see Fig. 3).

order in the molecular phase, showing that this is a transition
between a molecular solid-like system, frustrated by the cubic
cell, and an atomic liquid. This transition point lies exactly
on the PBE melting line of Ref. [53] (see Fig. 4), calculated
with an NN MLIP obtained using the DeePMD package [62],
suggesting that the LLT might become first-order inside the
crystal region for T � 900 K.

The physical picture provided by the MACE model quali-
tatively agrees with Ref. [34] on the supercritical nature of the
LLT, even though their model could not accurately reproduce
the crystallization regime, and predicted a Widom line (esti-
mated from the maximum of the isobaric specific heat cp) far
from the AIMD results (see Fig. 4). The first-order character
of the transition observed in other studies may be explained by
the large fluctuations expected close to the Widom line, which
could lead to the incorrect identification of density jumps
and pressure plateaux in the EOS for too short simulation
times. Additional path integral MD simulations carried out
with the MACE model indicate that the conclusions about the
crossover nature of the LLT are not changed by the inclusion
of nuclear quantum effects, as reported in Ref. [49].

These results urgently call for a reinvestigation of the LLT
using ab initio methods beyond DFT, such as QMC. The
�-learning scheme [50,51] combined with the present MACE
model taken as baseline could allow one to access unprece-
dented system sizes and simulation lengths, by extending this
work to QMC-based MLIP applications.
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